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The //-invariant was introduced by Atiyah, Patodi, and Singer [APS] in a series of papers treating 
index theory on even dimensional manifolds with boundary. It first appears there as a boundary 
correction in the usual local index formula. Suppose X is a closed odd dimensional spin manifold 
(which in their index theorem is the boundary of an even dimensional spin manifold). The Dirac 
operator 1 Dx is self-adjoint and has discrete real spectrum. Define 



where the sum ranges over the nonzero spectrum of Dx- Then rjx(s) is analytic in s and has a 
meromorphic continuation to s £ C. It is regular at s = 0, and its value there is the //-invariant. 
More precisely, what appears in the Atiyah-Patodi-Singer index formula is the ^-invariant 
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1 For simplicity we only consider the basic Dirac operator, though as usual in geometric index theory all of our 
results hold for twisted Dirac operators, i.e., for operators of "Dirac-type" . 
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Under a smooth variation of parameters (for example, the metric on X) the ^-invariant jumps by 
integers, whereas £ (mod 1) is smooth. In this paper we are interested in the latter, so consider 
the exponentiated ^-invariant 

Tx = e 2 ^ x 

instead. In fact, our interest is in manifolds with boundary and we use "global" self-adjoint elliptic 
boundary conditions for the Dirac operator which are the odd dimensional analog of the Atiyah- 
Patodi-Singer boundary conditions [APS]. To formulate these boundary conditions we need to 
choose a "trivialization" of the graded kernel of the Dirac operator on dX? The exponentiated 
^-invariant depends on this trivialization (Theorem 1.4) in a simple way. 

Our first observation is that this dependence means that the exponentiated ^-invariant naturally 
lives in the inverse^ determinant line of the Dirac operator on the boundary (Proposition 2.15). 
In fact, it has unit norm in the Quillen metric. For a family of Dirac operators this invariant is 
then a section of the inverse determinant line bundle over the parameter space. In Theorem 1.9 
we generalize the usual formula for the variation of the ^-invariant to a formula for the covariant 
derivative of this section. Here we use the natural connection on the (inverse) determinant line 
bundle defined by Bismut and Freed [BF1]. The proof of Theorem 1.9 occupies §3. Our other 
main result is a gluing formula for the exponentiated ^-invariant, which we state in Theorem 2.20 
and prove in §4. To get the signs right in that theorem we view the determinant line as a graded 
vector space, as explained in §2. In §5 we give a new proof of the holonomy formula for the natural 
connection on the determinant line bundle [BF2], [C2]. This formula was originally conjectured 
by Witten [W] in connection with global anomalies. It expresses the holonomy, or global anomaly, 
as the adiabatic limit of an exponentiated ^-invariant. In §6 we explain how our results lead to a 
conjecture about the geometrical index of families of Dirac operators on odd dimensional manifolds 
with boundary. 4 

Our results build on previous work treating r/-invariants on manifolds with boundary. Many 
different kinds of boundary conditions appear in these works. Cheeger [CI, §6] introduced the 77- 
invariant (for the signature operator) on manifolds with conical singularities, and he notes that this 
corresponds to global boundary conditions on a manifold with boundary when one attaches a cone 
to the boundary. Further, his "ideal boundary conditions" correspond to the trivialization of the 
graded kernel on the boundary. In later work [C2] he proves a variational formula for the r/-invariant 

2 Other authors describe this choice as a Lagrangian subspace of the kernel, or as an involution on the kernel. All 
of these descriptions are equivalent. 

3 An unfortunate choice of sign in the whole index theory perhaps dating back to Predholm — explains why it 

is the inverse determinant line which occurs here. An operator D: H + —> H~ is an element of H~ £g> (if+)*, so 
the codomain appears with a + sign and the domain with a — sign. It would be better, then, to define the index 
of D as dim coker D — dim ker D. To make the index theorem for manifolds with boundary come out, the ^-invariant 
would also be defined with the opposite sign from the usual one, as would the A-genus. On the other hand, the 
determinant line (2.7) is denned with the "proper" sign. Regardless of what is proper, this discrepancy explains 
some of the funny signs which crop up in index theory. 

4 We understand that ongoing work of Melrose and Piazza is expected to prove this conjecture. 
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on a manifold with conical singularities. Gilkey and Smith [GS] discuss the //-invariant for local 
boundary conditions, which were used in the original proof of the Atiyah-Singer index theorem to 
show that the index is a bordism invariant [P]. Singer [Si] proved a formula relating the difference 
of 77-invariants for two specific local boundary conditions with the determinant of the laplacian on 
the boundary. Mazzeo and Melrose [MM] assume that the boundary Dirac operator is invertible 
and then define an 77-invariant using Melrose's "6-calculus" . With this assumption they prove a 
gluing law. Dai [Dl] proved a formula relating this "6-eta invariant" to the ^-invariant defined with 
local boundary conditions. Another approach is to attach a half-cylinder to the boundary and use 
L 2 spinor fields. This was considered in special cases by the della Pietras [dlPl], [dlP2] and more 
generally by Klimek/Wojciechowski [KW] and Muller [Mii]. Miiller proves that this //-invariant 
is equal to the //--invariant for the global boundary conditions with a certain trivialization of the 
kernel picked out by the kernel of the Dirac operator on L 2 spinor fields. It is also easy to see that 
it agrees with the 6-eta invariant if the metric near the boundary is asymptotically cylindrical. The 
self-adjoint global boundary conditions, and certain generalizations, were first studied by Douglas 
and Wojciechowski [DW]. Muller [Mii] gives a systematic treatment of the analytic aspects of these 
self-adjoint boundary conditions. Lesch and Wojciechowski [LW] determine the dependence of the 
exponentiated ^-invariant on the boundary trivialization (Theorem 1.4). Muller [Mii] derives this 
result as well; his argument rests on a variational formula. Bunke [Bl] proves a gluing formula 
for the (unexponentiated) ^-invariant in case a closed manifold is split into two pieces. Recent 
preprints of Wojciechowski [Wol], [Wo2] also prove gluing formulas for the //-invariant modulo one. 

Our contribution here begins with our geometric formulation of the exponentiated ^-invariant 
as taking values in the inverse determinant line. For example, this leads to a geometric variational 
formula (1.10) which is crucial in all of our subsequent work. In particular, the variational formula 
relates the exponentiated ^-invariant to the natural connection on the determinant line bundle. The 
gluing law we prove (Theorem 2.20) is more general than that obtained by cutting a closed manifold 
into two pieces. This is necessary for example in §5, where we glue together cylinders. Thus we 
must consider gluing along manifolds where the index of the Dirac operator may be nonzero. The 
most natural formulation of the result is in terms of graded determinant lines. This notion is 
discussed in Knudsen and Mumford [KM] who credit the idea to Grothendieck. It also appears in 
later work of Deligne [Del] as clearly the best way to avoid a cauchemar de signesl Our proof of 
the gluing law in §4 is simpler than previous proofs. We begin with the same patching of spinor 
fields as in Bunke [Bl]. Then we note a symmetry which allows us to conclude easily with the 
variation formula. It is tempting to speculate that this approach to gluing may be useful in other 
linear problems and in nonlinear problems as well. 

Our proof of the holonomy theorem — also known as the global anomaly formula — is considerably 

simpler than previous proofs, partly due to our simple proof of the gluing law. We rely heavily on 

geometric ideas. Thus we avoid any consideration of large time behavior of heat kernels, and we also 

avoid using non-pseudodifferential operators [BF2]. Cheeger's argument in [C2,§9], which proves 
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the adiabatic limit formula for the signature operator in the invertible case, bears much resemblance 
to our proof here. He works on a manifold with conical singularities and applies his variational 
formula and his "singular continuity method" ; the latter is analogous to our use of gluing. The idea 
of considering parallel transport also appears in papers of the della Pietras [dlPl], [dlP2], but they 
failed to consider gluing. Our proof proceeds as follows: We use gluing to show that the adiabatic 
limit of exponentiated ^-invariants on cylinders defines the parallel transport of a connection on the 
determinant line bundle. Then we apply our geometric variational formula to prove that it agrees 
with the natural connection. In a sense we use the gluing law to break up the holonomy — a global 
problem on the circle — into a composition of parallel transports — local problems on small intervals. 

The idea of computing global invariants on closed manifolds from local invariants on manifolds 
with boundary using gluing laws is informed by recent work in quantum field theory, particularly 
topological quantum field theory. The gluing is a characteristic property of the path integral, 
and it follows formally from a similar property of the classical action. These gluing laws are 
fundamental for computing quantum Chern-Simons invariants, Donaldson polynomials, and other 
topological and geometric invariants. Older invariants in topology and geometry also obey gluing 
laws [F3], [F4] and our work here fits the r/-invariant into this story. The theory of the classical 
Chern-Simons invariant [F2] is very similar, and of course the original papers of Atiyah, Patodi, 
and Singer [APS] discuss the relationship of ^-invariants (and so exponentiated ^-invariants) to 
Chern-Simons invariants for closed manifolds. We also remark that certain ratios of exponentiated 
^-invariants are topological invariants which live in K _1 -theory with E/Z coefficients [APS]. Our 
work gives a factorization of these topological invariants as well. It is tempting to say that the 
exponentiated ^-invariant is local and so can serve as an action for a field theory, just as the Chern- 
Simons invariant can. (For example, see the recent preprint [B2].) One crucial difference is that 
the Chern-Simons invariant is multiplicative in coverings, whereas the exponentiated ^-invariant is 
not. In any case, the gluing law does exhibit some local properties of the ^-invariant. 

The suggestion that the 77-invariant of a (3-)manifold with boundary lives in the determinant 
line of the boundary was made in a manuscript of Graeme Segal [S]. We thank Segal for sharing 
his ideas with us. We also benefited from conversations with Ulrich Bunke and John Lott. 
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§1 The exponentiated ^-invariant 

Suppose X is a compact odd dimensional spin 5 manifold with nonempty boundary. Assume 
that X has a metric with an explicit product structure near dX. Thus in a neighborhood of the 
boundary there is a given isometry with (—1, 0] x dX. Let H x denote the Hilbert space of L 2 spinor 
fields on X and Dx ■ Hx — ► Hx the formally self-adjoint Dirac operator. We use similar notation 
for the induced Dirac operator on the boundary. 

Our first job is to specify self-adjoint elliptic boundary conditions. Our discussion here is some- 
what formal. We leave the detailed analysis to the appendix. Let J : Hqx — ► Hqx be Clifford multi- 
plication by the outward unit normal vector field to the boundary. Then J is skew-adjoint, J 2 = — 1, 
and DqxJ = — J Dqx- The =Fz-eigenspaces of J induce the usual splitting H QX = Hg X © Hg~ x - 
Now integration by parts yields the formula 

(D x ip,-~p)x ~ {ipiD x tp)x = (Jtp,p)dx, tp,<f£ H x - 

Thus if our boundary condition is described by ip | Qx € W C Hqx , then the corresponding Dirac 
operator is self-adjoint if JW = W^, at least formally. We also need elliptic boundary conditions, so 
we choose W "close" to the subspace which describes the Atiyah-Patodi-Singer nonlocal boundary 
conditions [APS]. 

Our precise choice is this. The nonnegative self-adjoint operator Dg X induces decompositions 

\>o 

where Kg X ®K d ~ x is the kernel of Dqx and Eg X (X) ®Eq X (\) is the eigenspace with eigenvalue A. 
The sum is over the spectrum spec(i^| x ). Note that 

is an isomorphism, though it is not unitary — it is times a unitary map. Also, by the cobordism 
invariance of the index [P] we have index Dqx = and so dim Kg X = dim Kg X . Now for any 
positive a £ spec(D| x ) let 

K£x(a) = K£ x ® E± x {\) 

0<\<a 

\>a 

5 We understand a spin manifold to have a definite metric, orientation, and spin structure. Our work extends to 
spin c manifolds and to Dirac operators twisted by a vector bundle with connection, but for simplicity we omit these 
refinements. 
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(1.1) 



By ellipticity K^ x {a) is finite dimensional. A choice of boundary condition VF{ a ,T) is determined 
by the number a and by a choice of isometry 



T:K+ x (a)^K^ x {a). 

Let ^ dX denote the operator which restricts to Dgx /VA on Eg X (X); it is defined on Hq X QKq X . 

V D dX 

We denote its restriction to Hg X (a) by — dxjo-) _^ ^ S pi nor g e j,-[ ^+ g decomposes according 

\ lhi\i"l 2 

to ff+ x = (a) © ff+ x (a). Then 

(i-2) w {atT) = jV,<r> g ^ : <T + (re J™^ a)2 W = °| • 

This is a generalization of the boundary condition studied by previous authors 6 ([DW], [LW], [Bl], 
[Mu]), who choose a less than the first eigenvalue of Dg X . We need this generalization to treat 
families. 

Now for any choice (a,T) of boundary conditions the Dirac operator Dx(a,T) is self-adjoint 
elliptic and has a well-defined 77-invariant rjx(a,T). (See Appendix.) We use the more refined 
^-invariant 

, . Vx(a,T) + dimkerL» x (a,r) 
£x (a,-l) = 2 

and set 

r x (a,T) = e 2 ^ a ' T ). 

Our first result is a generalization of [LW], [Bl, Corollary 9.3], and [Mii, Theorem 2.21]. It computes 
the dependence of Tx(a, T) on (a, T). To state it note that if < a < b with a,b ^ spec(Dgx), an d 

T: Kg X {a) — ► Kg X ( a ) is an isometry, then T© Ddx{a,b) — . ^+^^ Xg X {b) is also a unitary 

x :i);,.x(<i.b)' 2 

isomorphism. Here Dgx{a,b) denotes the restriction of Dgx to 
(1.3) H± x (a,b)= £± X (A). 

a<A<b 



Other authors describe the isometry T by its graph, which is a lagrangian subspace of the kernel. 
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Theorem 1.4. Suppose < a < b with a,b ^ spec(D| x ) and T,T 1 ,T 2 : Kg X (a) — > K QX {a) are 
isometries. Then 

(1.5) r x (a,T 2 ) = det(T 1 - 1 T 2 )r x (a,T 1 ), 

(1-6) r x (6,Te 

Equation (1.6) is trivial since ^ <&iTe£) (^/^ p^^ ) = W(a,r>- We defer the proof of (1.5) 
to §4 (Corollary 4.22). 

We can interpret (1.5) and (1.6) as instructions for constructing a hermitian line Lqx and an 
element Tx € Lqx- Namely, let Cqx = {(a, T)} be the set of possible boundary conditions and 
then define the complex line 

(1.7) L dx = {t:Cq X ^C:t satisfies (1.5) and (1.6)}. 

Since | det(T 1 _1 T 2 )| = 1 in (1.5) we see that the expression 



(T 1 ,T 2 )=T 1 (a,T)T 2 {a,T) 

is independent of (a,T) and so defines a hermitian metric on Lqx- By construction tx & Lqx is 
an element of unit norm. 

We use a patching construction to extend to families (cf. [Fl]). Let tt: X — ► Z be a fiber bundle 
whose typical fiber is a compact odd dimensional manifold with boundary, and let dir: dX — > Z 
be the fiber bundle of the boundaries. A Riemannian structure on X — > Z is a metric on the 
relative tangent bundle T(X/Z) together with a field of horizontal planes on X, which we specify 
as the kernel of a projection P: TX — > T{X/Z). Suppose also that T{X/Z) is endowed with an 
orientation and spin structure. For simplicity we term tt a 'spin map'. For our purposes we also 
assume that the metrics are products near the boundaries. Now for each a > define 

U a = {z £ Z : a £ spec{D 2 dx J}. 

On this open set Kq Xz (°0 are smooth vector bundles of equal rank. Choose a cover 

(1-8) U a = |J U a , t 

i 

so that these bundles are isomorphic over each U a ^. Then choose a smooth family of isomor- 
phisms T z (a,i): Kg X ^(a) — ► Kg X ^(a) and compute tx z (a, T z (a, i)) , which is a smooth function 



of z. The collection of these functions for various choices of a, i, and T z (a,i) satisfy (1.5) and (1.6). 
Definition (1.7) extends to this situation — now everything depends smoothly on z — to define a 
hermitian line bundle Lg X /z —> Z. The functions t Xz (a, T z (a, i)) patch together to form a smooth 
section t x /z of L dx /z- 

In §2 we identify Lq X /z as the inverse determinant line bundle of the family of Dirac operators 
on dX — > Z with its Quillen metric. This line bundle carries a natural unitary connection 7 V, con- 
structed in [BF1]. The following theorem computes the covariant derivative of t x /z with respect to 
this connection; it generalizes the standard formula on closed manifolds (e.g. [BF2, Theorem 2.10]). 

Theorem 1.9. Let ir: X — > Y be a spin map whose typical fiber is an odd dimensional manifold 
with boundary. Let VL X / Z denote the curvature of the relative tangent bundle and A(VL x f z ) its 
A-polynomial. Then the covariant derivative of the exponentiated ^-invariant is 8 



(1.10) Vt x/z = 2iri / A(Q X / Z ) 

Jx/z L 



We defer the proof to §3. 



7 In 85 we define a connection V' directly on Lg x /Z using the invariant t x ■ We prove that it agrees with V under 
the isomorphism with the inverse determinant line bundle. 

8 In (1.10) we use the standard sign convention (e.g. [BT]) for integration over the fiber. For example, if a is a 
form on Z and f3 an n-form on an oriented manifold X n , then 

/ aAf3= ( [ p) a. 

J(ZxX)/Z \JX J 
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2 Graded Determinant Lines 



Our first goal in this section is to identify the hermitian line Lgx (1-7) with the inverse 9 de- 
terminant line Det^ of the Dirac operator Dgx- The hermitian structure on Det^x is due to 
Quillen [Q]. We then state various properties of Tx and Lq X , the most important of which is the 
gluing law (Theorem 2.20). Here we encounter inverse determinant lines for operators of nonzero 
index. Then the gluing law involves some signs which are best understood in terms of the grading 
on the determinant line given by the index [KM]. Hence we begin this section with an exposition 
of graded vector spaces. 

A graded vector space V = V + ffi V~ is simply a direct sum of two vector spaces, which in 
this paper we always take to be complex. We call V + (rcsp. V~) the even (resp. odd) part of V, 
and write \v\ = (resp. \v\ = 1) for v € V + (resp. v € V~). For graded vector spaces V, W 
we write V © W for the graded vector space whose underlying vector spaces is V © W and with 
\v © w\ = \v\ + \w\ (mod 2) for homogeneous elements v € V, w € W. We use the <£) notation to 
keep track of signs in the isomorphism 

V® w — > w®v 

v®wi — > (-l) Mlw] w®v, v£V, w£W. 

Here, as in subsequent expressions, we use homogeneous elements and extend by linearity. The 
dual space V* = (V + )* © (V~)* of a graded vector space is also graded, and we use the natural 
pairing 

V* <g> V — ► c 

(2.2) 

v © v i — ► v(v), v G V, v G V* . 

The order of the factors in (2.2) is important! With this choice there is no sign in (2.2), nor is there 
any in the isomorphisms 

v* © w* — ► (w © vy 

(2-3) 

v © w i — ► {£: w © v ^ v(v) w(w)j 

and 

W © V* — > Hom(y, W) 

(2.4) 

w © v i — > (T: tiw v(v) w) . 



9 The inverse L 1 of a one dimensional vector space L is its dual L* . 
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Notice that the natural isomorphism 



V — ► V** 

( 2 - 5 ) , i 1 1 -i 

picks up a sign in the graded context. The sequence of homomorphisms 

(2.6) Tr s : End(V) ^—U V <£>V* V* <£>V C 

is the supertrace: For T = ( £ £ ) G End (^ + © U" ) we have Tr s T = Tr A - Tr £>. 

The determinant line Det V of an ungraded vector space y is the one dimensional vector space 
of totally antisymmetric tensors uj = v\ A • • • A v n . We view Det V as a graded vector space whose 
degree is dimF (mod 2). If V = V + © V~ is graded, then define 

(2.7) BctV = (DetV - ) ® (DetF + ) _1 . 
This is again a graded line, the grading given by 

| Det V\ = dim V = dim V + - dim V~ (mod 2). 

Using (2.4) we see that if diml/ + = dimU - then the top exterior power of a homomorphism 
T: V + — ► y~ determines an element 

(2.8) DetTeDetF. 

If V + = V~ then T has a numerical determinant detT G C, and this is related to (2.8) via the 
supertrace (2.6): 

(2.9) Tr s (DetT) = (-l) dimV+ detT. 

Let — V denote V with the opposite grading: (— V)^ = V T . Note the sign in the isomorphism 



Det(-V) — ► Det(y)" 1 

(2-10) „ + 

u +®u- ,_> (£-. i-f (-l) dimy w+(o; + ) 
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where oj^ G Det(F ± ) and ^ G Det(y ± ) Similarly, if W is another graded vector space, then 
there is a sign in the isomorphism 

Det(F © W) — > Det V <§> Det 
'"" 1 w" © r?" © ?? + © w+ i— ► (-l) dimy+dimH/ cj" ©w+ ©77" ©?? + , 

where cj ± G Det(y ± ) and r? ± G Det(W^ ± ). 

As a matter of notation, if w G L is a nonzero element of a graded line L, then we denote 
by a; -1 G L _1 the unique element so that = 1 under the pairing (2.2). 

Suppose V, W are graded vector spaces with dimV" -1- = dimV - and dimVF + = dimW^ - . Note 
in particular that dimly and dim V are even. Then for T: V + — > V~ and S: W + — > we have 

De^T" 1 ) = (-l) dimV+ (DetT)- 1 
Det(T © 5) = Det T <g> Det S. 

The equalities here stand for the isomorphisms (2.10) and (2.11). 

Next, we review the construction of the determinant line of a Dirac operator (see [Fl] for details), 
but now as a graded line. Let Y be a closed even dimensional spin manifold. The spinor fields 
H Y = Hy © Hy on Y are graded, and the Dirac operator D Y : H Y — > H Y anticommutes with the 
grading. We use the notations K Y {a), H Y (a), and H Y (a,b) from (1.1) and (1.3), where a < b are 
positive numbers not in spec(Dy). Now D Y (a,b) = D Y : H Y (a,b) — > H Y (a,b) is an isomorphism, 
so 

Det D Y (a, b) G Det H Y (a, b) 
is a nonzero element. Define an isomorphism 

9 Y (a,b): Det K Y (a) — ► Det K Y (a) <g> Det H Y (a, b) 9* Det K Y (b) 

(2.12) 

Lo(a) i — ► oj(a) © Det D Y (a, b). 
Then the determinant line is defined to be a set of compatible elements u(a) G Det K Y (a): 

Dety = {u = {uj{o) G Det K Y {a) } a ^ spec (D^) : u{b) = 9 Y (a,b)uj(a)} . 

Note that 

| Dety | = index D Y (mod 2). 
11 



Now the lines DetKy(a) and Det Hy (a, b) inherit hermitian metrics from the L? metric on Hy, 
and we compute 



\9(a,b)u(a)\ 2 KY(b) = ( [J A ) M a )lW)' w(o) G Dettfy(a). 

\a<A<b / 



Hence the expression 

l^lDety = II A M a )lr>etAV(«0 
\A>a / 



is independent of a, where the product is defined using a ("-function. Equation (2.8) defines the 
Quillen metric on Dety. 

A careful computation shows that (2.10) and (2.11) are compatible with the "patching" isomor- 
phism 9(a,b) in (2.12), so they determine isometries 

(2.13) Det_ y ^ Det^ 1 

(2.14) Dety lU y 2 ^ Dety ®Dety 2 . 

Here Y,Yi,Y 2 are closed spin manifolds, '— Y' denotes the spin manifold Y with the opposite 
orientation, 10 and 'Yi U Y<i denotes the disjoint union of Y\ and Y%. 

The patching isomorphism used to patch the inverse determinant line (which appears in (2.13), 
for example) is 

(0y(a,6)*) _1 : (DetKy(a))" 1 — ► (Det Hy (a, b)) _1 <§> (Det K Y (a)) _1 (Det Ky (6)) _1 

77(a) 1 — ► (Det D Y (a, b)) _1 ®ij(a). 

With this understood we can identify the hermitian line determined by the exponentiated £- 
invariant. 

Proposition 2.15. Let X be a compact odd dimensional spin manifold and Lqx the hermitian 
line defined in (1.7). Then 



Lqx — ► Det^ 

(2.16) 



ax 

( - 1/2 



{r(a,T)eC} 



77(a) = r(a,T) (n^j (DetT)" 1 G (Bet K dx {a)) 1 

\\>a J 



10 Let Spin(Y) — > Y denote the principal Spin n bundle which defines the spin structure of Y; it is a double 
cover of the bundle of oriented orthonormal frames. Then the spin structure on — Y is defined by the complement 
of Spin(Y) in the Pin n bundle of frames Spin(Y) Xg pinji Pin n — > Y. 
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is an isometry. 

The proof is straightforward. First, (1.5) and (1.6) imply that {r](a)} defines an element of Detg x . 
Then (1.7) and (2.21) imply that the isomorphism (2.16) is an isometry. Here, following Ray and 
Singer [RS], we use a ^-function to define the infinite product in this isometry. 

From now on we identify Lg X as the inverse determinant line. So for any closed even dimensional 
spin manifold Y the hermitian line Ly is defined. 

Now we state some properties of the lines Ly and the exponentiated ^-invariant t x . (It 
might be illuminating to compare with the analogous assertions about the Chern-Simons invariant 
in [F2, Theorem 2.19].) For simplicity we state these for a single manifold X rather than for families. 
However, they work as stated for families, and the proofs are designed to work with the patching 
construction of §1. (Recall that this is our motivation to allow arbitrary a in (1.2).) 

First, (2.13) and (2.14) imply that there are isometries 

(2.17) L_ Y Ly 1 

(2.18) L Yi uy 2 =L Yl ®L Y2 . 

(Note that (2.17) is not the inverse of (2.13); the sign in (2.5) enters. Also, one must keep in 
mind (2.3) when comparing (2.14) and (2.18).) For the exponentiated ^-invariant we have 

T_ x = T X X 
TX 1 UX 2 = Tx 1 ® Tx 2 , 

where we use the isomorphisms (2.17) and (2.18) to compare the left and right hand sides of these 
equalities. 

If Y, Y' are spin manifolds, then we define a spin isometry f to be an ordinary isometry f:Y'—* 
Y together with a lift /: Spin(Y') — > Spin(Y) to the spin bundle of frames. A spin isometry 
induces an isometry 

Jjyi > Ly 

of inverse determinant lines. If F: Spin(A') — > Spin(A) is a spin isometry, then 

(dF)+{T X >) = T X . 

Any spin manifold Y has a naturally defined spin isometry I: Spin(Y) — > Spin(Y) which is mul- 
tiplication by —1 G Spin n ; it covers the identity diffeomorphism on Y . The induced map on the 
inverse determinant line is 



(2.19) Z, = (-1) 



index Dy 



The most important property of the exponentiated ^-invariant is the gluing law. 
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Theorem 2.20. Let X be a compact odd dimensional spin manifold, Y <—> X a closed oriented 
submanifold, and X cut the manifold obtained by cutting X along Y. (See Figure 1.) We assume 
that the metric on X cut is a product near dX cut = dX LlYU-7. Then 

(2.21) t x = Tr s (r X cut), 

where Tr s is the contraction 

(2.18) „ A (2.17) . A _, Tr s 

(2.22) L dXcut > L dx (g> L Y (g> L_ Y ► L QX (g> L Y (g> L Y > L QX 

using the supertrace (2.6). 

Notice that index D Y is not necessarily zero, which is why we introduce graded determinant lines. 
We prove Theorem 2.20 in §3. 

To illustrate the gluing law consider an arbitrary closed even dimensional spin manifold Y 
and form the cylinder C = [—1,1] x Y with the product metric and spin structure. Then 
Tc £ Ly <S> L_y — End(Ly). If we cut C along {0} x Y we obtain a manifold "spin isometric" 
to C U C. Then (2.21) asserts that tc = tc ° tc, where 'o' denotes composition in End(Ly). We 
conclude 

(2.23) t c = id G End(Ly). 

This equation is derived assuming the gluing law (2.21). In §4 we compute it directly (Proposi- 
tion 4.7) as part of our proof of (2.21). 

Recall that the circle S* 1 admits two inequivalent spin structures, and we denote the correspond- 
ing spin manifolds ' ^bounding ' and '5'^ onbounding '. The former is the boundary of the disk (with its 
unique spin structure), while for the latter the bundle Spin(S^ onbounding ) — > SO(S 1 ) is the trivial 
double cover of the bundle of oriented orthonormal frames SO (S 1 ). Now consider 5'^ onbounding x Y 
with the product metric and product spin structure. If we cut along {pt} x Y we obtain C, and 
the gluing law (2.21) asserts 

( 2 - 24 ) ^1-- = ^(tc) = Tr s( id) = (-l)^ex^ 

On the other hand, if we apply the spin isometry i to one boundary component of C and then glue, 
we obtain 5' 1 1 lounding x Y. It follows from (2.19) that 

(2.25) r 5LundmgXy = (-ir d -^Tr s (r c ) = l. 



Equations (2.24) and (2.25) agree with known results and provide a simple check of the signs in 
the gluing law. 

14 



§3 The Variation formula 
The purpose of this section is to present the proof of Theorem 1.9. 

Let 7r: X — ► Z be a spin map whose typical fiber is a compact odd dimensional manifold with 
boundary. Since the assertion to be proved is local, it suffices to work over an open set U a ,i-, 
defined in (1.8). Over U a ^ we have smooth isomorphic hermitian bundles K^ x j z (a) and we choose 
a smooth family of isometries 

(3.1) T = T z (a,i)-- K+ X ^(a) ^ K- Xz (a). 

By Proposition 2.15 over the open set U a ^, the smooth section t x /z of Lg X /z —> Z can be identified 
with 



Tx/z = e ^x^u-\ 



where 



(3.2) u = (Det T)/^detD 2 dx/z (a) G Bet dx/Z 

is a smooth section of unit Quillen norm. Clearly, then, Theorem 1.9 is equivalent to the following. 
Theorem 3.3. Modulo the integers £x (a, T(a, i)) defines a smooth function on U a ^ and 



dHx(a,T) = 



[ A(Q X / Z ) 
Jx/z 



+ — u~ 1 Vu. 
2m 

(i) 



As we mentioned earlier the connection V here is the natural unitary connection on the de- 
terminant line bundle introduced in [BF1] by Bismut-Freed. It is a natural generalization of the 
induced connection in the finite dimensional case to the infinite dimensional setting and uses the 
heat equation regularization. For our purpose we recall its construction. (See [Fl] for a treatment 
in terms of ("-functions.) 

Let 7T : Y = dX —> Z be a spin map and D + = Dy^ z the family of fiber Dirac operators. 
(Everything works even if Y is not a boundary.) Now D + can be considered as a smooth section of 
Hom(ff" 1 ", H~), where H are infinite dimensional hermitian bundles over Z (see [BF1] for details). 
Assume for the moment that are finite dimensional hermitian bundles over Z. In this case the 
determinant line bundle can be identified with (Det H~)®(Det H + )~ 1 , and so is naturally endowed 
with a hermitian metric. Clearly Det D + is a smooth section. Now if are also endowed with 
unitary connections V, then they induce a unitary connection V on the determinant line bundle. 
In fact when D + is invertible, 



(3.4) 



VDet£> + = Ti[(D + )- 1 VD + ] ■ DetD + . 
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Further if H ± = K ± © Hf is an orthogonal decomposition invariant under D + , then 

(3.5) \7 = V K + V Hl . 

These two properties fully suggest how to define it in the infinite dimensional setting. 
Thus over U a let 

#± = X±( a )e#±( a ) 

be the orthogonal decomposition defined in §1. The infinite dimensional hermitian bundles are 
equipped with the unitary connection V defined in [BF2, Def. 1.3]. 11 Over U a we have smooth 
finite dimensional subbundles K^{a) of H^. Hence they inherit a unitary connection, which in 
turn induces a unitary connection V a on (Det K~ (a)) C§) (Det K + {a))~ 1 . By the additivity (3.5) 
this is the K ± (a)-paxt of the connection. 

To define the H ± (a)-part of the connection one makes sense of (3.4) in the infinite dimensional 
setting by the heat equation regularization. Note that the restriction D + (a) of D + to H + {a) is 
indeed invertible. When there is no confusion we also use 'D 2 (a)' (instead of l D~ {a)D + (a)') to 
denote the restriction of D 2 to H + {a). The formal expression Tr[(D + (a)) _1 VD + (a)] will be defined 
by 

(3.6) Tr[( J D+(a))- 1 VL>+(a)] =f.p.{Tr[(Z?+(a))- 1 VZ) + (a) e - tD2 ( a )]}, 

where f.p. is a suitably defined finite part of the right hand side of (3.6) as t — > 0. 
To define this finite part, note that 

/oo 
Tr[(D-(a))VD+(a)e- sD2 ^} ds. 

It follows that as t — > 

— 1 oo 

Tr[(D+(a))- 1 VZ) + (a)e-* D2 ( a )] ~ aj t j + a + a ,i log t + a^'. 

j = -n/2 j=l 

Then the finite part is defined as 

f.p. { Tr[( J D+(a))- 1 V J D + (a)e- tD2 ^]} = a + r'(l)a ,i, 

11 Note that the notation there for that connection is 'V"'. 
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or symbolically, 



(3.7) 



f.p.{Tr[( J D+(a))- 1 V J D+(a)e- tD2 ( a )]} = LIM Tr[(Z)^(a)) _1 VZ)^(a)e~ 



tD 2 (a)l 



1 



+ r'(l) LIM Tr[( J D + (a))- 1 VD + (a)e-* D (a) ] 
t^o lost 



Finally the Bismut-Freed connection is denned as 



V = V a + f. p. | Tr[(Z?+(a))- 1 V J D + (a)e-* D2(a) ]}. 



Coming back to Theorem 3.3, when Dq X /z is invertible we can choose a less than the smallest 

Det 

nonzero eigenvalues of D dx /z- In this case u = Ta — n+ X/Z an< ^ thus u ~ lx ^ u = Im to, where uj is 

|| det D BX/Z \\ 

the connection form for the Bismut-Freed connection: 



V(DetD+ x/z )=u;-DetD+ x/z , 



The imaginary part of u) has the following explicit formula: 



(3.8) 



Im uj 



1 f°° 



That the integral in (3.8) is well-defined comes from the following cancellation result ([BF2], [C2]): 



(3.9) 



Tr s {D dx/z VD dx/z e- tD ™/*) = 0(1) as t 0. 



This result holds without the assumption on the invertibility of Dg X / z and is also crucial in our 
proof of Theorem 3.3. 

Thus in the invertible case our formula states 



x 



x/z 



A{Sl x ' z ) 



1 



(i) 



f ^- J Tr s (VD dx/z ■ D dx/z e- tu ^'z ) dt 



[ A{n x / Z ) - fj 

J x/z 



(1) 



where f] is the differential form generalization of rj introduced in [BC2]. We point out that 
Cheeger [C2] has also proven a formula similar to the above in the context of conical singular- 
ity. 
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The proof of Theorem 3.3 is divided into several lemmas and two propositions. 
The first lemma deals with a special case. Namely, we assume that the metrics along the fibers 
are of the form 



near the boundary, where gdx z is independent of z, i.e. the metrics near the boundary are all the 
same (and of product type). Fix a choice of boundary condition (a,T). 

Lemma 3.10. Under these conditions £(a,T) (mod 1) is a smooth function on U a and 



where LIM means taking the constant term in the asymptotic expansion. 

Proof. This is a slight generalization of [Mii,Prop. 2.15]. His proof can be easily generalized to this 
situation and is given in Proposition A. 17. 

In general the boundary geometry and the boundary conditions vary. The idea here is to conju- 
gate to a family with fixed boundary conditions. 
Thus write the metric g z near the boundary as 



and let H a (z) denote the orthogonal projection onto the space spanned by eigensections of Dqm{z) 
with eigenvalues A > y/a. Then U a (z) is a smooth family of (pseudodifferential) projections on 
L 2 (dX/Z, S) (for z G U a ), and let Ht{z) denote the corresponding orthogonal projection onto the 
graph of T z (a,i), defined in (3.1). Then 



is a smooth family of pseudodifferential projections which describes the family of the boundary 
conditions. From the general perturbation theory, for any fixed Zq 6 Z there is a smooth family of 
unitary operator U(z) on L 2 (dX z ,S) (see [D2, Lemma 2.9], for example) such that 



g z = du 2 + g dx . 



z 1 



d£(a,T) = ^LIMt 1 / 2 Tr(V J D(a,T)e- tD2(a ' T) ), 



g z = du 2 + g dXz ■ 



n (aiT) (z) = u a ( z ) + u T (z) 



U{z)Yl {a , T) {zo)U- 1 {z) = n (o>r) (z) 
U{zq) = Id. 



In fact, as we will see later, 



(3.11) 
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where B(z) = T(z) © : H+ ^ H~ . 

Now extend U(z) to a smooth family of unitary operators on L 2 (X/Z,S) such that U(z) is 
constant along normal directions to a neighborhood of dX/Z and identity in the interior and 
interpolate in between. This can be done, at least in a neighborhood of z . For example, let %(u) 
be a smooth function on [0, 1] such that x( u ) = f° r u > 3/4 and x( u ) = 1 f° r u < 1/2- Then 
?7(x(u)2 + (1 — x( u )) z o) does the job. (Here we interpret z as local coordinates around zq.) For 
simplicity we still denote this extension by U(z). 

Lemma 3.12. Modulo the integers £(a,T(z)) defines a smooth function on U a and 

d£(a,T(z)) =- -^=LIMt 1/2 Tr{VD(a,T)e- tD2{a ' T) ) 
(3.13) ^ 

- -L UMt 1 ' 2 Tr[D(a, T),VUe- tD ^ a '^]. 

y 7T 



Proof. Since D(a,T(z)) and C/(z) 1 D(a, T(z))[/(z) have the same eigenvalues we have 

£(a,T) = e(^)-^(a,T(z))^(z)). 

But now U(z)~ 1 D(a, T(z))U{z) is a smooth family of operators satisfying conditions (Ha), (Hb), 
and (He), which are defined in the Appendix preceding Lemma A. 14 and Lemma A. 15. Therefore, 
we apply Lemma A. 17 of the Appendix to obtain 



dtpiz^D&TWMz)) 



= - _L LIMt 1 / 2 Tr(V[C/(z)- 1 D(a,T(z))?7(z)] e -*( c/ ( z )" D ( a ' T ( z )) c/ ( z )) 2 

y 7T t— >0 

= -^LIMt 1 / 2 Tr(VL>(a,T)e- tD2 ( a - T )) 
Y^r t— >0 

- -L LIMt 1 / 2 Tr[D(a, T), We- tD >' T )]. 

Y7T t^O 



Remark. In the second term of (3.13), [D(a, T), VC/e tD ( a,T )] should be interpreted as an op- 
erator acting on the Sobolev space H 1 (X,S). As we see from the proof, this term comes from 
[D(a, T),VU]e~ tD ( - a ' T \ which is clearly trace class on L 2 (X,S). Of course, both traces are equal. 

We now look at the first term in (3.13). 
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Proposition 3.14. We have 



LIMt 1 / 2 Tr(VD(a, T)e- tD2{a ' T) ) 



x/z 



A(n x / Z ) 



(i) 



Proof. By the explicit construction of the heat kernel e~ tD ( a ' T ^ (see (A. 8)), the asymptotic ex- 
pansion separates into an interior part and a boundary part, and by the corresponding result for 
closed manifold we have 



^=UMt 1 / 2 Tr(VD(a,T)e- tD2 ^)= I A(£l x / Z ) 

J x/z 



+ boundary term. 



(i) 



As to computing the boundary term we can replace the manifold X/Z by the half cylinder R + x 
dX/Z, with the family of the metrics given by 

g z = du 2 + g dXz ■ 

To compute the heat kernel e -* D2 ( a > T ) Q n the half cylinder, we let {tf\} be an orthonormal basis 
of eigensections of Dg X /z such that Jip\ = tp-\. Then 



(3.15) 



e -tD>(a,T )=E>a{t)+E<a(tl 



where 



-x"t 



X>^E 



E >a (t)= £ ^=( C - (U -" ) a /«_ e -(«+«)V4* )¥ , A(g)¥ ,. 
e -xH 



'4-Kt 



{e -( u -vy/4t + e -(u+vy/4 t) J(px q 



\ e Hu+v) er fc(^^ + Av^) Jifx ® J<p\, 
2yt 



with 



2 f°° 2 
erfc(x) = —= I e~^ d£, 
V 71 " Jx 

and E <a (t) is the heat kernel of the following system on the half line u > 0: 



f (d t -d 2 u + A 2 )E <a (t,u,v) =0 
E< a \t=o = Id 
nr-E-<aU=o = 

jn T j(a u + A)^ <a | u=0 = o. 
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Here A = Dqx/z\k(o)- Note that A is a smooth family of finite dimensional (symmetric) endomor- 
phisms and the boundary condition here is local. 
Therefore, 

-A 2 t 

tv(VD(a,T)E >a (t))(u)= V ^=(1 - e"" 2 /*) <JVZ^ A , <^ A > 

A>V« 



e 



-At 



+ ^ 7 =(l + e- u2 / i )(V^ A , Jcp. 



a; 



- Ae 2Au erfc(^ + Xy/i) (VD<p x , Jip x ) 



Ed 
du 

\>Va 



1 2A« erfc( « +A ^) 

^ v t 



(JVD(p x ,<p x ). 



Here, and also in what follows, we have suppressed the subscript dX/Z of D. Integrating with 
respect to u from to oo yields 



Tr(V D(a,T)E >a (t)) = ^ i erfc(Av / t)( JVZ^ A , V?a> 

/•OO 

= -^\ Tr s (D(a)\7D(a)e- s2D2 ^)ds. 

Here the last equation follows from the fact that 

(JVD<p- X ,<p- X ) = -(JVDip x ,<p x ) 
which is a consequence of the following equations: 
(3.16) JVD = -\7DJ, Jp x =<P-\- 

Now, 

Tr s (D(a)VD(a)e- s2D2{a) ) = 0(1) as t -> 0, 
as it follows from (3.9). Consequently, 

UMt l/2 Tr{\7D(a,T)E >a (t)) =0. 

On the other hand, 



Tr(VD(a,T)E <a (t)) = Tr(JVDE <a (t)) = iTv s (VDE <a (t)) . 
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By (3.16) VD is an odd operator. However the heat kernel E <a (t) is not even because of the 
boundary condition. The crucial observation here is that the leading asymptotic as t — > is 
indeed even, for local boundary conditions do not contribute to the leading asymptotic. Since the 
underlying manifold here is one dimensional, the leading asymptotic is t -1 / 2 , which implies 



Tr s (VDE <a (t)) = 0(l) as t - 0. 



Therefore, 

UMt 1/2 Tr(VD(a,T)E <a (t)) =0. 

Thus the boundary term is zero. This finishes our proof. 

We now turn to the computation of the commutator term in (3.13). In general the trace of the 
commutator of a bounded linear operator with a trace class operator is zero. On a closed manifold, 
this can be extended to 

Tr [D, K] = 

for D a differential operator and K a smoothing operator (say). This is no longer true on a manifold 
with boundary. However, we have 

Lemma 3.17. For D the Dirac operator and K a smoothing operator with smooth kernel K(x,x') 
on a compact spin manifold M with boundary we have 

(3.18) Tr[D, K] = - f tr(jK(y, y)) dvol(y). 

JdM 



Remark. This is quite similar to the characteristic feature of the b-trace introduced by Melrose [M] 
in the context of manifolds with asymptotically cylindrical ends. 



Proof. Clearly DK is a smoothing operator with kernel given by D x K(x,x'). Thus 



Tt(DK)= [ tr(D x K(x,x')\ xf=x )dvol(x). 



On the other hand, 



(KD)f(x)= [ K(x,x')(Df)(x')dvol(x') 

= [ D x ,K(x,x')f(x')dvol(x')+ [ JK(x,y')f(y')dvol(y'). 
Jm JdM 
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Therefore the kernel of KD is given by D x iK(x,x') + JK(x,x')SdM- And hence 

Tr[D, K] = Tr (DK) - Ti ({DK)*) - [ tr JK(x, x)5 dM dvol(x) 

= - [ ti(JK(y,y))dvol(y). 
JdM 

It should be pointed out that for the above equation the Lidskii's theorem does not apply 
immediately to JK(x,x')5qm- But this can be overcome by approximating the delta function via 
smooth functions and estimating the trace norm of the approximation via the Hilbert-Schmidt 
norms. 

With this lemma at our disposal we now turn to the commutator term. Recall the definition 
of u from (3.2). 

Proposition 3.19. We have 

LIMt 1 / 2 'Ti[D(a,T),VUe- tD2(a ' T ^} = -J-u^Vu. 
t— >o 2\/7r 



Proof. Clearly X7Ue~ tD < - a,T ) is a smoothing operator. Therefore according to (3.18) the trace 
of the commutators part can be computed by taking pointwise trace of the Schwartz kernel of 
X7Ue~ tD ( a,T ) and integrated over the boundary. Thus U can be taken to be the original family 
of unitary operators on the boundary, extended radially constant to the whole cylinder. For our 
computation we need the precise construction of U. 

Recall that U is constructed to conjugate the family of boundary conditions, which are described 
by (see (1.2)) 

w {a , T) = {<0 + ,<T> e H dx/Z : r + (re Ddx/zi - a) =)<j> + = o}. 

^ D lx/z( a ) 

In other words, they are described by the graph of the pseudodifferential operator: 

B(z) = T(z) ° dxM : H+ Xt — R~ dx , 

Then it is not hard to verify that formula (3.11) defines such a unitary conjugation. One easily 
finds 

-B- 1 (z )VB(z ) s 
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W(z ) 



and 

B~ l VB = T~ l VT © {{D + {a))- l VD+{a) - ^(D 2 ^))" 1 V{D 2 {a))) . 
Using these and (3.15) we obtain 
(3.20) 

- / tr JVUe~ tD *W> =tr(JT- 1 VTE <a (t)\ u=0 ) 

JdX/Z 

+ I tr(J[( J D+(a))" 1 V J D + (a) - \(D\a))- l V(D 2 (a))]E >a (t)). 
Jdx/z 1 



For the first term we have 

LIMt 1/2 tr(JT- 1 VTE <a (t)| u=0 ) = ^=tr(JT" 1 VT) 

t— >0 y47T 

(3 ' 21) i V a DetT 



Det T 



where again we have made use of the observation that the leading asymptotic oftr(JT~ 1 \7TE <a (t)) 
is independent of the boundary condition. 

The second term is a little bit more complicated. We first note that 



-A 2 t 



E >a (t)\ dx /z = V {—==■ - Aerfc(Av / t)) J^x J<p* x , 

A>Va 



and 



^2 poo 

It V^' 
1 =e -'* 9 --±- / s^V^ da. 



Hence 



and 



2A r i 

Aerfc(Av / t) = ^ / 7r^e~ sX ds 

-I 

1 f°° 

E >Max/z= E 27? / «" 3/2 e" sA2 ^^A0M, 
/ tr(j[(D+(a))- 1 VD+(a) - i(( J D 2 (a))" 1 V( J D 2 (a))]i5; >a (t)) 

/oo 
S -3/2 Tr (( jD +( a ))-lV jD +( a ) e -^ 2 (a)) ds 

_ * / s -3/2 Tr(( J D 2 (a))- 1 V( J D 2 (a)) e - sD2 W) ds. 
8vvr J t 
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One finds 



(3.22) f tr(j[( J D+(a))- 1 Vi? + (a)-i(( J D 2 (a))- 1 V( J D 2 (a))]£; >a ( i )) 



LIMTr((D + (a))- 1 VD + (a)e-* D2 ( a )) H — % — LIM — !— Tr((D + (a))~ 1 VZ) + (a)e~* z:)2 ^ a - > ) 



LIMTr(( J D 2 (a))- 1 V( J D 2 (a))e-^ 2 <»>) - -L= LIM -1- ^((^(a))" 1 Vp 2 (a)) e " tD2 ^) . 



t->o vv ' ' t^o logt 

From (3.9) and the identity 

TT s [(D(a))VD(a)e- sD2(a) ]ds. 

we find 

LIM j-L Tr s [( J D(a))- 1 VD(a)e- tD2 W] = 0, 

or equivalently, 

(3.24) LIM^Tr((Z?+(a))- 1 VZ) + (a)e-* D2 ( a )) = i LIM Tr((Z? 2 (a)) _1 VZ? 2 (a)e _tD2< ' a - > ). 

Thus the right hand side of (3.22) reduces to 

^LlMTr(( J D+(a))- 1 V J D + (a)e- tD2 ( a )) - ^= LFMTr((L> 2 (a))- 1 V( J D 2 (a))e-* D2 (' :i )). 

On the other hand, we have by (3.7) 
(3.25) 



Det T Det T t^o 



+ T'(l) LIM ^ Tr(( J D + (a))- 1 V J D + (a)e- tD2 ( a )) 



and 
(3.26) 



+ lr'(l) LEVI ^ Tr(p 2 (a))- 1 VD 2 (a)e-^ 2 <«0). 



We combine (3.20)-(3.26) to complete the proof. 
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§4 The Gluing Formula 

In this section we prove Theorem 2.20. We assume the notation of that theorem and of §1. 
Fix a positive number a! ^ spec(D| x ). Choose an isometry 

T':K+ x (a')^Kg X (a'). 

Then according to (1.7) and (2.16), the pair (a',T'} induces a trivialization of Lqx- This trivi- 
alization is simply carried along in the computation below. Much more essential is the following. 
Choose a ^ spec(Z)y) and denote 

K± = K${a) = K^ Y {a). 

Now choose an isometry 

(4.1) T:K + ®K~ — >K + ®K~. 

Note that T has a numerical determinant detT G C. Now K^ U _ Y = K + © K~ and Ky u _ Y = 
K~ © K + (note the swap in factors from the right hand side of (4.1)), so there is an induced 
trivialization 

(4.2) (-l) d ™ A ' +dimA "(DetT)- 1 G L YU -y- 

Our first task is to compute the image of (4.2) under the sequence of maps (2.22), where we leave 
off the Lqx factor for convenience. Recall that (2.22) is the composition 

(4.3) Tr s o(2.17) o (2.18). 

Each of the three maps in (4.3) involves a factor, and these factors are computed in (2.9), (2.10), 
and (2.11). The total factor (including the factor in (4.2)) is 

^ -j^dim K + dim imif ^ ^^dimi<" + ^ -j^dim K + (dim K + +dim K ) ^ -Qi ndex Dy 

from which it follows that the image of (4.2) is 

(4.4) (-l) dimA ' +dimA ~(Detr)- 1 (-ly^^detT)- 1 . 



Thus equation (2.21) is equivalent to the following statement. 
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Proposition 4.5. Let X be a compact odd dimensional spin manifold, Y <^-> X a closed oriented 
submanifold, and X cut the manifold obtained by cutting X along Y. We assume that the metric 
on X cnt is a product near dX cut = dX U Y U —Y. Choose a, a',T, V as above. Then 

(4.6) T X cut(a',T';a,T) = (-l) indexDy detT • r x (a', T'). 

Equation (4.6) is an equality of complex numbers. 

As a preliminary to proving Proposition 4.5 we compute directly the exponentiated ^-invariant 
of the cylinder. This generalizes [LW,§3]. 

Proposition 4.7. Let Y be a closed even dimensional spin manifold and C = [—1,1] x Y the 
corresponding cylinder. Choose a, T as above to define boundary conditions for the Dirac operator 
on C . Then 

(4.8) r c {a,T) = detT. 

This is compatible with (2.23), which we derived in §2 as a consequence of the gluing law. 12 Namely, 
the element of End(Ly) corresponding to (4.8) is Tc(a, T)(Det T)~ l — the C-factor in (2.19) cancels 
out for End(Ly) — and as in (4.4) we compute 
(4.9) 

T C (a,T)((-l) dimK+ dimK ~ (DetT)- 1 ) ^ m22 \ (-l) indexD ^r c (a, T)(det T)" 1 = (-iy^D Y ^ 
which agrees with the supertrace of id £ End(Ly). 

Proof. We first prove (4.8) assuming that a = e is less than the first positive eigenvalue of Dy. In 
other words, K = K + © K~ is the kernel of Dy . Then we use the variation formulas of §3 to derive 
the general formula. 

A spinor field on C is a sum of fields of the form 

(4.10) ^ = /(^+#I, 

where f,g: [—1,1] — > C and (frf £ EyW are eigenfunctions of D Y ■ If A > we choose = Dy4>\i 
and then 

Dc^P = (-»/'(*) + i\g(t))4>t + (-if(t) + ig'{t))D Y( t>l. 
In this case the involution 



f(t)<Pt + g(t)D Y <P+ ^ V\g(t)<i>+ + |fly,. 



12 Of course, that derivation was not a proof as the proof of the gluing law depends on Proposition 4.7. 
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anticommutes with Dc and preserves the boundary conditions (1.2), which reduce to the equations 



(4.11) \/A 

/(-i) + VX^(-i) = o 

Therefore, the part of the spectrum of Dq coming from spinor fields (4.9) with A > is symmetric 
about the origin, so does not contribute to the r/-invariant. An easy computation shows that Ker Dc 
contains no nonzero spinor fields which are sums of fields of the form (4.10) subject to the boundary 
constraint (4.11). So there is no contribution to the ^-invariant. 
We are left to consider spinor fields 

Tp = f(t)4> + + g(t)<l>-, <peK + , fer, 

subject to the boundary condition 
Now 

Dcip = -if '(t)<p + +%J{t)4T, 
and it is straightforward to see that Dc4> = flip subject to (4.12) if and only if 



with 

So each eigenvalue v of T contributes a set of the form fj, + 7rZ to the spectrum of Dc, where < 
\l < 7r satisfies — e _2v = v. A standard computation (e.g. [APS]) shows that the 77-invariant of the 
set fj, + 7rZ is 1 — if /j, 7^ 0. Thus if \i 7^ the ^-invariant is — , and exponentiating we obtain 

7T ' 2 7T 

e 27Tt( -2-^) = — e - 2l M = v . This is the correct value of the exponentiated ^-invariant for fi = as 
well. Combining the contribution from all of the eigenvalues we obtain (4.8). 
Now for a > the boundary condition is a unitary map 

(4.13) T: K+(a)®K~ (a) — ► K+ (a) K~ (a) . 

28 



If T = T has the form T = T'®^= for D = D dc (e,a) and some isometry T' : K${e)®Ky(e) -► 

-Ky (e) © ify(e), then the desired result follows from the previous argument and (1.6). (Recall that 
(1.6) is a triviality.) Another isometry T (4.13) is connected to T via a path of isometries T t , and 
by Theorem 3.3 and (3.2) we have 

1 dT C {a,T t ) 1 d(detr t ) 



Tc(a,T t ) dt detT t dt 

It follows that Tc{a,T t ) = detT t as desired. 

Proof of Proposition 4-5. Following Bunke [Bl] we will first construct an isometry 

(4.14) U: H X c»*(a',T';a,T)^H x (a',T')®H c (a,f), 

where the notation means the subspace of spinor fields which satisfy the appropriate boundary 
condition (1.2). Note the appearance of 

(4.15) f=( 1 i)T'~ 1 



-l/V l 
We then compute 

(4.16) Q = U-\D X (BD C )U - D x .»t, 

which turns out to be a bundle endomorphism supported on the disjoint union of two cylinders. It 
follows that 

(4.17) _!L e 2nii(D xcut +uQ) 

du 

may be computed locally, and we use a symmetry argument to prove that it vanishes. Equating 
the values at u = and u=lwe see that 

(4.18) r x ^(a' ,T';a,T) = T X (a' ,T') Tc (a,f), 

which reduces to (4.6) using (4.8). 

To begin let [— 1, 1] — ► [0, 1] be smooth cutoff functions which satisfy (Figure 2) 

/ L ([-l,-l/2])=/ fl ([l/2,l])=l 
/l([1/2,1]) =/*([-l-l/2]) =0 

Il(-x) = f R {x). 
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The functions /l, /r lift to functions on C = [—1, 1] x Y. 

As in Figure 3 we choose isometric embeddings C X cut near the boundary pieces Y and —Y. 
Denote the image cylinders by C\ and Ci respectively. Similarly, we choose an isometric embedding 
C ^ X with image C3 so that we obtain X cut from X by cutting along {0}xY C C3. If we cut X cut 
along {0} x Y C Ci and {0} x Y C C2 then two extra pieces fall out, and they reassemble to form 
an extra cylinder C4. Define £/ as follows. Let ^ be a spinor field on X cut . Let U map its restriction 
to the complement of C\ U C2 unchanged to the complement of C3 in X. Then let ipi,ip2 be the 
restrictions of tp to C\ , C2 , and define 



(4.20) 17: 



\-f R h U2 



The right hand side of (4.20) is an element of Hq z © Hc 4 , and it patches to tp on X — C3 to give 
a smooth spinor field on X U C4. Note the change in the boundary values on C4, as indicated 
in (4.14) and (4.15). It is easy to check that U is unitary. 

Next we compute Q, which is defined in (4.16). Since U is the identity on the complement 
of C\ U C2, the operator Q has support on C\ U C2. An easy computation yields 



Q: 



^2/ V-^ J U 2 



where the 1-form 

9 = hdf R - f R df L 

acts by Clifford multiplication. Notice that 9 is supported in the interior of C\ U Ci- 
Consider the map 

ipi \ : y ( dx ■ tp 2 (-x) 

^2 / ydx-ip^-x) 

where '•' denotes Clifford multiplication. This is the map on spinor fields induced by the orientation 
preserving diffeomorphism (xi,X2) 1— > {—x 2 ,xi) of C\ U C2. We only apply 7 on the domain of Q, 
so we need only consider (ipi,ip2) with support in the interior of C\ U C2. It is easy to verify 

7 2 = -l 

(4.21) 777 = -777 

7Q = -Q7, 

where D = 77,^ is the Dirac operator on C. For the second equation, note that any orientation- 
reversing isometry anticommutes with the Dirac operator. For the third, note that 



0(-x) = 9{x) 
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from equations (4.19). 

Let £ u denote the ^-invariant of D u = Dx^ + uQ. As in Lemma 3.10 its variation is computed 
by the formula 

^ = ^L\imt 1 / 2 Tr x ^(Qe- tD "). 

Now the right hand side is the integral over X cut of a locally computed quantity, and since Q has 
support in C\ U C2 the integral may be computed there. But from (4.21) we have 

Ti(Qe~ tD v) = -Tr(/ 2 Qe-* D ") 
= Ti(IQIe- tD ") 
= Ti{IQe- tD *I) 
= Tr(I 2 Qe- tD ") 
= -Tr(Q e -* D "). 

This proves that (4.17) vanishes, from which (4.18) and then (4.6) follow. 

As a corollary of Proposition 4.5 we derive (1.5), which is a generalization of [LW, Theorem 3.1]. 

Corollary 4.22. Let X be a compact odd dimensional spin manifold with boundary. Choose a 
positive number a ^ spec(DQ X ) and isometries Ti,T 2 : Kg X (a) — > Kg X (a). Then 

(4.23) r x (a,T 2 ) = det(Tr 1 T 2 )r x (a,T 1 ). 



Proof. Let C = [—1, 1] x dX ^ X be an isometric embedding mapping {1} x dX onto dX, and let 
Y be the image of {0} x dX. Cutting along Y we obtain X cut which is (spin) isometric to X U C. 
Consider the boundary conditions defined by T 2 on dX. On YU—Y we use the boundary conditions 

Tf 1 
T 2 

Note that 

detT = (_i)dim*k(») det(T^T 2 ). 



The induced boundary conditions on C are 



Tf 1 
7; 

and 

detf = (-l) c 

Now (4.6) and (4.8) imply the desired result (4.23). 
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5 Adiabatic limits and holonomy 



In this section we reprove the main result in [BF2] which computes the holonomy of the nat- 
ural connection V on the (inverse) determinant line bundle as the adiabatic limit of exponen- 
tiated ^-invariants (on a closed manifold). Our proof here uses the curvature formula 13 proved 
in [BF1], [BF2], the variation formula (1.10), and the gluing law (2.21). We define a new connec- 
tion V' by specifying its parallel transport as the adiabatic limit of exponentiated ^-invariants, now 
defined on manifolds with boundary. We then show that V = V. 

Let 7r : Y — > Z be a spin map whose typical fiber is a closed even dimensional manifold, and let 
L — > Z denote the inverse determinant line bundle. According to [BF1] it comes equipped with a 
(Quillen) metric and a natural unitary connection V. The curvature 14 of V is [BF2, Theorem 1.21] 



(5.1) Q L = -2iri 



[ A(£l Y ' z ) 
Jy/z 



(2) 



We now define V. Let VZ denote the space of smooth parametrized paths 7: [0, 1] — ► Z with 
t|[ X ] an d t|[ 9 1] constant. For 7 G VZ let Y 1 = ^*Y denote the pullback of tt: Y — > Z via 7; 
then 7r 7 : Y 1 — > [0,1] is a spin map. Let <?[o,i] denote an arbitrary metric on [0,1] and gy/z the 
metric on the relative tangent bundle T(Y/Z). Define a family of metrics on Y 1 by the formula 

(5.2) ffe = ^M 05y/Z; e ^ . 

The metric g e on Y 1 is determined by requiring that 7r 7 be a Riemannian submersion. Physicists 
term 'lim' the adiabatic limit. The spin structure on T(Y 1 /Z) induces one on TY 1 since 

(5.3) TY 1 n*T([0, 1]) T(Y/Z) 

and the latter factor is trivial. Now the exponentiated ^-invariant is a map 

ry 7 (e): L 7(0 ) — ► L 7 (i). 
Here we use the isomorphisms (2.17) and (2.18). 



13 In fact, it suffices to consider the case where the base Z is a circle, and then the curvature obviously vanishes. 
So the curvature formula is not really needed. 

14 Since we use the inverse determinant line bundle the sign in (5.1) differs from that in [BF2]. 
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Lemma 5.4. The adiabatic limit r 7 = lim Ty 7 (e) exists and is independent of the choice of 
metric g [0yl] . 

Proof. As a preliminary we state without proof a simple result about the Riemannian geometry 
of adiabatic limits. Let V y-y (e) denote the Levi-Civita connection on Y 1 with the metric (5.2) and 
fi 1 ^ (e) its curvature. Then lim V y-Y (e) exists and is torsionfree. Furthermore, the curvature of this 
limiting connection is the limit of the curvatures of V Y-T (e) and has the form 

(5-5) ;i m o^ e )=(! n4o.il) 

relative to the decomposition (5.3). We will apply this result in families, where it also holds. 

Consider the spin map p: Y 1 x (R — {0}) — ► R — {0}, where the metric on the fiber at e is (5.2). 
According to Theorem 1.9 we have 



Te TY -> {e)=2m 



J V 



(1) 



Now (5.5) immediately implies that the component of the integrand in the [0, 1] direction approaches 
zero as e — > 0. In other words, if t is the coordinate in the [0, 1] direction, then any term in the 
integrand involving dt approaches zero as e — ► 0. Hence lim — ry (e) = and so lim ry (e) exists. 

A similar argument proves that r 7 is independent of <?[o,i]- Let M. denote the space of metrics 
on [0, 1] and consider the spin map 

Y 1 x (R - {0}) x M — ► (R - {0}) x M, 

where the metric on the fiber over (e,5[o,i]) is (5.2). As in the previous argument we see that the 
differential of ry 7 (e, <7[o,i]) with respect to <?[o,i] vanishes as e — > 0. The desired conclusion follows 
immediately. 

An immediate corollary is that r 7 is invariant under reparametrization of paths. Also, if 7i, 72 £ 
VZ with 71(1) = 72(0), and 72 07! denotes the composed path, then t 72D7i = r 72 or 7l . This follows 
from the gluing law (Theorem 2.20). Now a general theorem [F2, Appendix B] applies to construct 
a connection V' on L whose parallel transport is r. 

Now we compute the holonomy of V. Let 7: S l — > Z be a loop in Z and — > S 1 the corre- 
sponding fibered manifold. Realize 7 as the gluing of a path 7 : [0, 1] — > Z; then Y 7 is obtained by 
identifying the ends of Y 1 —>■ [0, 1]. This identification induces the spin structure on Y 7 obtained by 
lifting the nonbounding spin structure on S 1 . The gluing law Theorem 2.20 implies (compare (2.24)) 

lim ry_ (e) = Try (lim t y ,, (e)) 
(5.6) = Try (parallel transport along 7) 

= (.^mdexfly . (holonomy around 7). 
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If L = L 7 (o) then the parallel transport is an element of L <g) L*. The sign comes since the 
composition L <g> L* -> L* ® L -> C is (-1) |L| = (-l) indexD >- times the usual contraction. Let 
1^ denote with spin structure induced by lifting the bounding spin structure on S . If we 
substitute Y± for Y 7 in (5.6), then the resulting equation has no factor (_i) m dexr>r This follows 
as in (2.25). (Compare [Fl, Theorem 1.31].) 

Our main result in this section is the following. 

Proposition 5.7. V' = V. 

To prove Proposition 5.7 we compare the covariant derivative of their parallel transports using 
the following general lemma. 

Lemma 5.8. Let L —> Z be an arbitrary line bundle with connection V and curvature $7 L . Denote 
the parallel transport of V along a path 7 by p 1 . Then 

(5.9) Vp = -(/ ev*Q L )-p, 

J Pi 

where ev and P2 are the maps 

[0, 1] x VZ ev ) Z 

P2 

VZ 

To interpret (5.9) view p as a section of the line bundle (evg(L))* (g> (ev^(L)) — > VZ with its 
connection induced from V. Here ev t (7) = j(t). The proof is elementary. 

V/9 Vr 

Corollary 5.10. //V, V are connections on L — > Z with parallel transports p, t, and if = , 

P T 

then V = V. 

For if V = V + a for a 1-form a on Z, then 

Vr Vp / f * \ 

— — n~ = -y d ev 

' I J Pi 

and if a 7^ then the right hand side is nonzero. 

We now verify the hypotheses of Corollary 5.10 for the natural connection V and the new 
connection V' on the inverse determinant line bundle. We use the diagram 

ev*Y ► Y 

7r' K 

[0, 1] x VZ ev > Z 

pi 

VZ 
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We compute Vr using the variation formula (1.10). Namely, r 7 is the adiabatic limit of ry 7 , and 
Y 1 is the fiber (p 2 ° 7T ')~ 1 (l)- So by the variation formula 



where we use (5.5) to pass from the first equation to the second. (Of course, 'a-lim' is the adiabatic 
limit.) But by (5.9) and the curvature formula (5.1) this latter expression is the covariant derivative 
of the parallel transport of V. This concludes the proof of Proposition 5.7. 

Therefore, (5.6) also computes the holonomy of the canonical connection V on the inverse de- 
terminant line bundle as the adiabatic limit of exponentiated ^-invariants. This is exactly 15 the 
content of Theorem 3.16 in [BF2]: 

Corollary 5.11. Let 7: S 1 — ► Z be a loop and Yj — ► <S' 1 onbounding the corresponding fibered man- 
ifold. Then the holonomy around 7 of the natural connection V on the inverse determinant line 
bundle L — > Z is 




(5.12) 



(-1) 



index Dy 



a-lim (e 2 ** Y i ) . 



Again, since we use the inverse determinant line bundle the sign in (5.12) differs from [BF2]. 
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6 Remarks on the Families Index Theorem 



Let 7r : X — > Z be a spin map whose typical fiber is a compact even dimensional manifold 
with boundary. When ker Dqx z has constant rank there is a well-defined index bundle Ind Dx /z £ 
K°(Z). The families index theorem of Bismut-Cheeger states that its Chern character ch(Ind Dx/z) 
is represented in de Rham cohomology by (cf. [BC2], [BC3], [D3], a more general version has been 
proved in [MP]) 



(6.1) / A(n x / z )-fi, 

Jxiz 



x/z 

where 77 is a differential form on the base Z, defined as follows. 

Consider a spin map ir: Y — > Z whose typical fiber is a closed manifold. (Our application 
takes Y = dX.) The associated Bismut superconnection A t is 

A t = V + t^D Y/z -^, 

where c(T) = J2 a </3 dz a dz^T(f a , fp) with T the curvature form of the fibration, f a a local or- 
thonormal basis on Z, and dz a the 1-form dual to f a . The asymptotics of heat kernels associated 
to the Bismut superconnection exhibit some remarkable cancellations. The first one is expressed 
in the local index theorem for families [Bis] , [BF2] . More essential to our discussion are two other 
cancellation results [BC1]: 

(6.2) tr s [(D Y /z + ^^) e " A '] = 0(t 1/2 ) as t ->■ 0, if dimY/Z is even; 

(6.3) tr even [(D Y/z + ^-)e- A t] = 0(t^ 2 ) as t -> 0, if dimY/Z is odd. 

where tr even indicates the even form part of tr. When ker D Y /z has constant rank, the expressions 
on the left hand sides of (6.2), (6.3) are also well behaved for the large time. In fact, it is shown 
in [BGV] (in a more general setting) that 

c(T) 2 

(6.4) tr s [(D Y/z + -^-)a~ At \ = 0(i _1 ) as t -»■ 00, if dimY/Z is even; 

(6.5) tr even [{D Y/z + ^)e" A? ] = 0(t _1 ) as t -»• 00, if dimY/Z is odd. 

By virtue of (6.2)— (6.5) we now define a differential form on Z, the fj form: 

— J ^ tr s [(D Y/z + ^l)e- A t]-^, if dimY/Z is even; 
_L j^tr^[(D Y/z + ^)e"^] if dimY/Z is odd. 



77 
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For example, the first integral is convergent at because of (6.2), and convergent at oo because 
of (6.4). We normalize rj by denning 



V = < 



S (2^)j ^ (2j) ' if dim Y l z is odd - 



Here we decompose the odd (respectively even) form j) into its homogeneous components [^^j-i) 
(respectively [fj]^ 2 j))- The fj form satisfies a transgression formula. If dim Y/Z is odd, then [BC2], 
[D2] 

(6.6) df} = - f A(n Y / z ). 

Jy/z 

If dimY/Z is even and ker Dy has constant rank, then [D2] 

(6.7) d7/ = ch(IndZV/z)- / i(ft Y/z ). 

JdX/Z 

Return now to a spin map tt: X ^ Z whose typical fiber is a compact manifold with boundary. 
If d\mX/Z is even, which is the case considered by Bismut-Cheeger, then (6.6) immediately implies 
that the differential form (6.1) is closed. We are interested in the case where dimX/Z is odd, and 
then (6.7) implies that unless D dx /z is invertible, the differential form (6.1) is not closed. Thus in 
the odd dimensional case one expects a correction term in the Bismut-Cheeger index formula from 
ker D d x/z- 

Theorem 3.3 suggests what the correction term should be, assuming that ker Dq X /z has constant 
rank. To define the odd index bundle we need self-adjoint operators. In our case this amounts to 
a choice of a (smooth) family of isometries 

T: kerD+ x/z ► kerD QX/z . 

The resulting family of self-adjoint operators Dx/z(T) gives rise to a well-defined index bundle 
Ind D X / Z (T) g K\Z). On the other hand, ch(Ind D dx/Z ) = Tr s ( e -( v °) ), where a is chosen to 
be smaller than the smallest eigenvalue of Dq X / Z - Consider the superconnection V a + \ftV on 
ker Dg X / z , with V the symmetric endomorphism 



V 



T* 
T 
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One has the following transgression formula 



| T r s (e-( v ° + ^) 2 ) = -d[^=Tr s (Ve-^^ 2 )], 
which, by the invertibility of V, yields 

dfj T = ch(Ind J D ax/z ), 

with f] T defined by 



Conjecture 6.8. The (odd) Chern character of Ind D x /z(T) is represented in the de Rham coho- 
mology by 

Jx/z 

We have the following evidence for this conjecture. 

Theorem 6.9. The degree one component of the odd Chern character of the index bundle 
chi(IndZ?x/z(7 1 )) £ H X (Z) is represented by 



[ A(n x / z )-fj-fj T 

[Jx/z J (1) 



Proof. By the Duhamel principle 



Therefore, 



Similarly, we have 



Tr s (Ve-( va +^ y ) 2 )l = -VtTi s (V(V a V)e- tv2 ). 



(i) 



(6.10) 



[Vt]<i 



(i) 



L 



i 



-Tr s (V(V a V)e- tv )dt 
o 1 

— TrsiV-^V) 

-Tr(r _1 v r). 



(6.11) 



(i) 



Tr s (D dx/z VD ax/z e- tD ^/z)dt 
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On the other hand, the degree one component of ch(Ind D x /z{T)) is given by d£x(a,T), which, 
according to Theorem (3.3), gives 



du(IndD x/z (T)) 



A(tl x ' z ) 



x/z 



(i) 



+ — u l Vu. 
2m 



From (3.24), (3.25), (3.26) and our choice of a we have 



u 



(6.12) 



_1 V« = (DetT)" 1 V a (DetT) +LIMTr((D + )- 1 VZ? + e-* D2 ) 



-UMT:T{{D 2 )- l V{D 2 )e- tD2 ), 



and the first term in (6.12) is exactly — [??r](i) by (6.10). For the remaining terms we note 
from (6.11) and (3.23) 



](i) = -^IMTr s [ J D- 1 VDe-* D2 ] 

1 LIMTrr(L> + )- 1 VL> + e-* Z)2 l + - \AMTA(D-)- 1 V D~ e~ tD2 



2 t— o 



1 



LIMTr[( J D+)- 1 VZ) + e-* D ] + - LJMTr [(Z) 2 ) _1 V(.D 2 )e _ *' D ] 



2 t^o 



This finishes the proof. 
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A Appendix: Generalized APS Boundary Conditions 



In this appendix we discuss the analytical aspects of the generalized APS boundary conditions. 
For simplicity of notation we restrict ourself to the case of Dirac operators, although our discussion 
extends easily to the more general situation of Dirac-type operators. 

Let X be an odd dimensional compact oriented spin manifold with smooth boundary dX = Y. 
We shall always assume that the Riemannian metric on X is a product near the boundary. Let 

D : C°°{X,S) -► C°°(X,S) 

be the formally self-adjoint Dirac operator acting on the spinor bundle S — > X. Then in a collar 
neighborhood [0, 1) x dX of the boundary, D takes the form 

D = J(d u + D dx ), 

where J = c(du) and 

D dx : C°°(dX,S\ ax ) - C°°(dX,S\ ax ) 

is the self-adjoint Dirac operator on dX under the identification S\ gx = S(dX). 

As an unbounded operator in L 2 (X, S) with domain C^°(X, S), D is symmetric. (In other words, 
D is formally self-adjoint). To obtain self-adjoint extensions of D, one has to impose boundary 
conditions. For our purpose, we would like to restrict our attention to boundary conditions of 
elliptic type. Appropriate boundary conditions that are of elliptic type are considered by Atiyah- 
Patodi-Singer [APS]. Namely if we denote by n_|_ the orthogonal projection of L 2 (dX, S\g X ) onto 
the subspace spanned by the eigensections of Dqx with nonnegative eigenvalues, then D + = D 
with domain 

dom(D + ) = {ip € H\X,S) | U+(<p\ ax ) = 0} 

is an elliptic boundary value problem (in the generalized sense, see [APS], [Se]). D + is a closed 
symmetric extension of D, although, in general, D + is not self-adjoint. However, one can obtain 
elliptic self-adjoint boundary value problems by considering further self-adjoint extensions of D + . 

More generally, let a specl)| x be a positive number and II_ a (respectively II a ) denote the 
orthogonal projection of L 2 (dX, S\qx) onto the subspace spanned by eigensections of Dqx with 
eigenvalues > —y/a (respectively > \/a). Consider the operator D a = D with domain given by 

dom(L> a ) = {</?£ H\X, S) | U. a (ip\ dx ) = 0}. 
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Lemma A.l. D a is a closed symmetric extension of D, and its adjoint D* is given by D with 
domain 

dom(D* a ) = {p G H\X,S) | n a (<p\ dx ) = 0}. 



Proof. Proceeding in the same way as in [APS1], we can construct a two-sided parametrix 

R: C°°(X,S) C°°(X,S;U- a ) 

such that DR — Id and RD — Id are smoothing operators and 

R : H l (X, S) -► H l+1 (X, S) (I > 0). 

Thus if if n G dom(D a ) such that ip n — > 99, D<^ n — > V m -^ 2 > the existence of the paramatrix i? 
shows that in fact 99 G H 1 (X,S) and c^ n — > 93 in H 1 (X,S). By the continuity of the restriction 
map 

r : i^pT.S) ^ H l ' 2 {dX,S\ dx ) ^ L 2 (dX , S\ dx ), 

(p G dom(D a ) and D a (/? = V"- This shows that D a is closed. 

To show D a is symmetric, it suffices to prove the statement about D*. Integration by parts 
gives, for all ip, $ G C°°(A, 5), 

(A.2) (D^)-(^D^)= f (J(ip\ BX ),ip\ax) d = (J^\ax)^\ d x) ax - 

JdX 

Again, the continuity of the restriction map r shows that (A.2) actually holds for all 92, tp G 
^(X.S). 

Let D_ a denote Z) with domain 

dom(£_ a ) = {ip G H 1 ^) I n a (^|ax) = 0}. 
Then, for all 92 G dom(D a ), ip G dom(D_ a ), 

JMax) = J(Id-n_ a )(^>| 9 x) 
= U a J((p\ dx ) 
i>\ dx = (Id-n a )(^|ax) 

Thus (J((p\ 8 x),'>l>\dx)dx = and (A.2) shows that D_ a C D*. 
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The equality D* = D_ a requires considerably more effort. Let 

L 2 nt (X,S) ={<pe L 2 (X,S) | dist(supp^9X) > 1}, 

and 

l 2 m (x,s) = we l 2 (x,s) I supp^ c [o, |] x ax}. 

Then L 2 (X, S) = L 2 nt (X, S) + L 2 d (X, S) and we just have to specify D* restricted to each of the 
subspaces. 

Clearly for ip G L 2 nt (X, S) n dom(D*), we have D a ip = Dip and 

L? nt (*, 5) n dom(£>:) = L 2 nt (X, S) n ^(X, 5). 
The subspace L 2 d {X,S) splits further: 

Lg d (X,5) = L 2 ([0, ^ 9 x(a))®I 2 ([0^],%(a)), 

where Kgx(a), Hq X {o) are defined in (1.1). Moreover, D a is diagonal with respect to this splitting. 
Now restricted to L 2 ([0, §], Kdx(a)), D a = J(d u + A), with A a symmetric endomorphism of 
Kgx(a) which anticommutes with J, and the boundary condition at u = is (p\ u =o = 0. Clearly 
then, D* a = D_ a on L 2 ([0, l\,K dx {a)). 

On the other hand, for D a restricted L 2 ([0, |], Hgx(a)), the construction in [APSl] actually 
gives bounded inverse i? a for D a and i?_ a for D_ a . From 

(D a <p,ip) = (<p,D_ a ip) 

for if G dom(D a ), ^ G dom(Z)_ a ), we obtain, by continuity, R* = R- a . Since adjoints commute 
with inverses, the lemma is established, for the discussion above shows that D* C D_ a . 

From the lemma it is clear that D a is in general not self-adjoint so we need to consider self- 
adjoint extensions of D a . Suppose D s is such a self-adjoint extension, then D a C D s C D*, i.e. 
D s = D with 

(A.3) dom(L> a ) C dom(D s ) C dom(D*). 

Recall our notation from §1. We have Kgx(a) = Im(n_ a — II a ) splits into the (±i)-eigenspace 
of J (Cf (1.1)): 

K dx (a) = K+ x {a)®K d - x {a). 
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Lemma A. 4. We have dim Kg X (a) = dim K gx (a) . 

Proof. This is a consequence of the cobordism invariance of index. Alternatively, it follows from 
the Atiyah-Patodi-Singer index formula, as follows. First of all, by the symmetry of specDgx, we 
just need to show that for a less than the smallest nonzero eigenvalue of Dg X . Namely, dim.Kg X = 
dimKg X , where K^ x are the ±z-eigenspace of J restricted to kerDgx- Applying the APS index 
formula to D a yields 

(A.5) dimL= dimke 2 rZ ^ , 

where L C ker Dg X is the subspace of limiting values of the extended L 2 -solutions of D (see [APS1]). 
Alternatively, L = Hr(ker D*) = IIr(kerD_ a ), where II is the orthogonal projection onto kerDgx- 
From (A. 2), together with (A.5), we see that L is a "lagrangian" subspace of (ker Dqx, (■, -)dx, J)'- 
(Ja, (3)dx = for all a,(3eL. This shows that the (+i)-eigenspace of J has the same dimension 
as the (— i)-eigenspace. 

We now denote h + (a) = dim Kg X (a). 

Proposition A. 6. There is a one-one correspondence 

{self-adjoint extensions of D a } < — ► {unitary maps T : Kg X (a) — > Kg X (a)}. 

For a unitary map T, its corresponding self-adjoint extension D(a, T) is given by D with 

dom(D(a, T)) = G H\X, S) \ (n o + n r )(^| 9x ) = 0}, 

where Ht is the orthogonal projection onto the graph of T in Kgx (a) . 

Proof. Any self-adjoint extension of D a is given by D s = D with domain satisfying (A. 3). Thus 

r(dom(L> a )) C r(dom(D s )) C r(dom(L>*)). 

Or 

r(dom(L> a )) C r(dom(L> s )) C r(dom(L> a )) © K dx (a). 

From (A.2), 



(A.7) 



(J(<p\dx),ip\dx)dx = 
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for all ip, ip € dom(D s ), or equivalently, for all <f\gx,ip\dx S r(dom(D s )). Since Z) a is symmetric, 
(A. 7) is automatically satisfied on r(dom(D s )). Let L = r(dom(D s )) n Kgx(a) be a subspace of 
Kdx{a)- Then (A. 7) shows that L is an "isotropic" subspace of (Kgx{a), J). Since D s is self- 
adjoint, L must be maximal isotropic, hence "lagrangian" . Now it is a little linear algebra to show 
that there is a one-one correspondence 

{lagrangian subspace L of (Kgx(a), J) <-> {unitary map T : Kg X (a) — > i^g X (a)} 

given by L = the graph of T. This shows one way of the correspondence. But the other direction 
is completely similar to the proof of Lemma A.l. 

Remark. This is very similar to von Neumann's theory of deficiency indexes which completely 
characterizes self-adjoint extensions of a closed symmetric operator. 

Remark. Formally, for D with domain Cq°(X, S), there is also a one-one correspondence 

{self-adjoint extensions of D} <-> {unitary maps : Hg X — > Hg X } 

<-> {lagrangian subspaces of Hgx = L 2 (dX, S\gx)}- 

However, one loses the ellipticity in this generality 

Thus, given a specZ)| x positive and T : Kg X (a) — >■ Kg X (a) an isometry (unitary), the 
operator D(a,T) is self-adjoint, and, as we mentioned earlier, elliptic in a generalized sense. We 
will not, however, go into the discussion of the ellipticity of D(a, T), but instead, derive some of its 
consequences from the study of the heat kernel, e~ tD ( a ' T \ 

For this purpose, we first consider the situation on the infinite half cylinder R + x dX. In this 
case, D = J(d u + Dg X ) and we have a global decomposition. 

L 2 {R + x 8X, S) = L 2 (R + ,L 2 (dX, S\ dx )) 

= L 2 (R + ,K dx (a)) © L 2 (R + ,H dx (a)). 

Since both D and the boundary condition are diagonal with respect to this decomposition, 
e~ tD ( a,T ) = E <a (t) + E >a {t) splits into two pieces as well. As the boundary condition on 
L 2 (R + , Hgx(a)) is completely analogous to the APS boundary condition, E >a {t) can be given 
an explicit formula. Let {(fx; A G specDgx , A > ^/a} be an orthonormal basis for ImIT a consisting 
of eigensections of Dgx ■ Then the same construction in [APS] gives 

E >a (t)= £ £^ (e -(— ) 2 /4t_ e -(. + .)V4* )v9A0 ^ 

+ (£^I( e -(«-« ) 2 /« + e -(u+«) 9 /4 t) _ Ae A(«+,) erfc( !i+^ + j g, Jv9 *_ 

44 



On the other hand, there is no explicit formula for E <a (t). But it is reduced to a heat kernel on 
the half line R + , with L 2 boundary condition at oo and local elliptic condition at 0: 

(d t -d 2 u + A 2 )E <a (t,u,v) =0 
E <a \t=o = Id 
nr-E'<a|«=o = 
JU T J(d u + A)E <a \ u=0 = 0, 



with A = DQx\K a x{a) a finite dimensional symmetric endomorphism. 

To discuss the heat kernel on X, we use the patching construction of [APS1]. More precisely, let 
p(a, b) be an increasing C°° function on R such that p = for u < a and p = 1 for u > b. Define 

5 

(f> 2 =l-p(-,l), ^2 = 1 — Vl- 

These extend to smooth functions on X in an obvious way. Let D be the Dirac operator on the 
double of X. Then 

e = <h.e- t5a il>i + ME< a (t) + E >a {t))i> 2 
is a parametrix for the heat operator d t + D 2 (a,T), and 



(A.8) 



e -^(a,T) =e+ £ ( _ irCro ^ 



m=l 



where * denotes the convolution of kernels, c\ — (dt + D 2 (a,T))e, and c m — c m _i * ci, m > 2. It 
follows that for t > 0, e~ tD2 ^ a,T ^ is a C°° kernel which differs from e by an exponentially small 
term as t — ► 0. 

Lemma A.9. (?) flotft e - tD2 ^ a ^ and D(a,T) e - tD2{a ^ are trace class for t > 0. 
(m) t -> 0, 

OO 

Tr(e- tD2(a ^) ~ ^ % (£»(a,T))^-™)/ 2 , 
j=o 

anc? 

oo 

Tr(L>(a,T)e-* D2(a ' T) ) ~ ^ bj(D(a, T))t^~ n ~ 1 ^ 2 , 

j=o 
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with dj, bj given by integral of local densities computable from the (total) symbol of D and boundary 
conditions. 

Proof, (i) Since for t > 0, e~ tD2( - a ' T ^ is smooth, it is Hilbert-Schmidt. Now the semi-group prop- 
erties show that e -* D2 ( a » T ) = e -|- c,2 ( a » T ) o e -! D2 ( a > T ) i s a product of Hilbert-Schmidt operators, 
hence trace class. Similarly for D(a,T)e~ tD2( - a ' T \ 
(ii) From (i) and Lidskii's theorem 



J X 



For the asymptotic expansion we may replace e tL)2 ( a > T ) by its parametrix e. The asymptotic 
expansion for e follows from its explicit construction, as in [APS1]. 

Corollary A. 10. The spectrum of D(a,T) consists of eigenvalues of finite multiplicities satisfying 
Weyl's asymptotic law: 



N(X) = #{X j | |A,|<A} 
vol(X) 



(47r )n/2 r(f + 1} 



A n + o(A n ) as A ->oo. 



Thus, the eta function 



r](s,D(a,T)) = £ signA^I"' 

is well-defined for Re s > n. Further by Mellin transform, 

1 I' 00 

(A.ll) v{S}D{a} T)) = — T - / &-^ 2 Tr(D(a,T)e- tD ^)dt. 

i {—) Jo 

And Lemma (A. 9) shows that n(s, D(a,T)) admits a meromorphic continuation to the complex 
plane with only simple poles. 

Proposition A. 12. r/(s, D(a,T)) is actually holomorphic in Res > — |. Therefore the eta invari- 
ant w(a,T) = 77(0, D(a, T)) is well-defined. Moreover 

1 f°° 

^( 0j T) = —j= I r 1 ' 2 Tr(D(a, T)e~ tD2 ^)dt. 
Jo 

Proof. It suffices to show that 



Tr(D(a,T)e- tD2 ^) = 0(1) as t 0. 
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The same argument as in the proof of Lemma (A. 9) shows that 
(A.13) 

Ti(D(a,T)e- tD2 ^ T y) = f tv(D x e(t, x, x')\ x=x ,)dx + 0(e" c /*) 

Jx 

= / tr(D x e- tD2 (x,x')\ x=x ')i> 1 (x)dx 
Jx 

+ f tx{D x {E <a {t)+E >a {t))\ x=x/ ^ 2 {x)dx + 0{e- c ' t ). 
Jn. + xdx 

The local cancellation result for closed manifold gives 

tr(D x e- tf,2 (x,x')\ x=xf )=0(t 1 / 2 ) 

uniformly in x. Therefore the first term in (A.13) is 0(t 1 / 2 ). 
For the second term, a straightforward calculation shows that 

f ti(D x E >a (t)\ x=x ,) = 0. 

J dX 

Also tr(JAE <a (t)) = since J A = -AJ. Thus 

Tv(D(a,T)e- tD2 ^) = f tr[Jd u E <a {t)\ u=v ]i, 2 {u)dudy + Oit 1 ' 2 ). 

J R + xdX 

Since E <a (t) is the heat kernel of an elliptic local boundary value problem on R + , we have 

(u-vflU 

E <a (t,u,v) = 7=^(1 + h(T,u,v)t 1 / 2 + 0(t)) 

uniformly in m, v. Therefore 

Jd u E <a (t)\ u=v = (T, «, v) | „=„ +0(t 1 / 2 ), 

V47T 

and our claim follows. 

We now turn to the variation of eta invariants. For our purpose we are going to work in complete 
generality. So let P(z) be a family of operators satisfying: 

(Ha) P(z) is a smooth family of (unbounded) self-adjoint operators on L 2 (X, S) with dom (P(z)) 
independent of the parameter z; 

(Hb) The heat semi-group e~ tp2 ^ (t > 0) is a smooth family of smoothing operators, i.e. the 

heat kernel is given by smooth functions on X depending smoothing on z. 
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Lemma A. 14. For a family satisfying (Ha), (Hb), we have 



^-Tr(P(z)e- tp2 ^) = (l + 2t^-)Tr(P(z)e- tp2 ^) 
oz ot 



Proof. First of all, 

^Tr(P(z)e-^)) = Tr(P(z) e -^W) + Tr(P(z)^ e -^W). 
To compute -§^e~ tp2 ( z \ we apply the heat operator: 

(|+P 2 (,))|e-- 2 ^) = [P 2 (.),^]e-- 2 ^). 

Now, with the initial condition of the heat equation and dom(P(z)) independent of z, Duhamel's 
principle gives 



) = f e -^ p2 ^[P 2 (z),^-]e- sp2 ^ds. 
Jo & z 



dz 

Consequently 

Tr(P(z) §- z Z~ tp2(z) ) = -2m(P(z)P\z)e- tp2 ^) 
= 2^Tr(P(z)e- tp2 W). 

This finishes the proof. 

We now consider the variation of eta function rj(s,P(z)) defined by (A. 11). For it to be well- 
defined we make the following additional assumption: 

(He) There is a uniform asymptotic expansion of Tr(P(z)e _tp2 ( z )) at t = 0: 



Tr(P(z) e - tp2 ^) ~ a j( P ( z )) tj/d > 
j>-N 



and a,j(P(z)) are smooth in z. 
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Lemma A. 15. Let P(z) be a family of operators satisfying (Ha), (Hb), and (He). Furthermore, 
assume that dim ker P(z) is constant. Then for Res > N, we have 



/*oo 



tP\z) 



)dt. 



Proof. By (Hb), P(z) all have discrete spectrum. It follows from the assumption on dimkerP(z) 
that Tr (P(z)e~ tp2 ^) is exponentially decaying, uniformly in z, as t — > oo. (He) implies that 
rj(s,P(z)) analytically continues to a meromorphic function smooth in z. 
Let T > and Res > N, By Lemma A. 14, 



(A.16) ^ ^ &-^' 2 Tr{P{', 
oz Jo 

= 2T (s+i y 2 TT(P(z)e- Tp2 ^) - s^- jf &-^/ 2 Ti(P(z)e- tp2 ^)dt. 



(z)e~ tp 

fT 
/0 

Denote by H(z) the orthogonal projection of L 2 (X, S) onto ker P(z). Since dim ker P(z) is constant, 
H(z) depends smoothly on z. Furthermore, the self-adjointness of P(z) implies that 

P(z)H(z) = H(z)P(z) = 0. 

Therefore 

P(z) = (Id- H(z))P(z)(ld-H(z)), 

and hence 

P(z) = -H(z)P(z)(ld - H(z)) + (Id - H(z))P(z)(ld - H(z)) - (Id - H(z))P(z)H(z). 

Since (Id — H(z))e~ tp ^ is given by a smooth kernel decaying exponentially in t as t — > oo, it 
follows that the right hand side of (A.16) is absolutely convergent so we can take the limit of (A.16) 
as T — ► oo and exchange the limit with the differentiation. The same discussion applies to the left 
hand side of (A.16) and we obtain the lemma. 

An immediate consequence of the lemma is that when rj(s, P(z)) are all regular at s = 0, 
^-v(P(z)) = -^UM t ^t 1 / 2 Ti(P(z)e- tp2 ^), 

OZ \/7T 



where LIM t ^ means taking the constant term in the asymptotic expansion at t = 0. 
Now define 

f(P( z )) = V(P (z)) + dimker P(z) 
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Proposition A. 17. Let (Ha), (Hb), (He) hold for P(z). Then £(P(z)) (mod 1) defines a smooth 
function and 

U(P(z)) = -^ r LIM t ^Tr(P(z)e- tp2 ^). 
az v 7T 



Proof. Choose a c > such that c is not in the spectrum of P(z) for all z in a small neighborhood. 
Let II c (z) be the orthogonal projection onto the space spanned by all eigensections with eigenvalues 
A satisfying |A| < c. Define a new family 

P c (z) =P(z)(ld-U c (z))+U c (z). 

Namely one replaces by 1 all eigenvalues A of Pb( z ) satisfying |A| < c and leave the rest unchanged. 
Therefore P c (z) is clearly invertible, ^(P c (z)) = ^n(P c (z)) is smooth, and 

^i(P c (z)) = -^=lAM t ^ t 1 / 2 TT(P c (z)e-^ pc ^ 2 ). 
dz y 7r 



Now 



here 



y~!\<= o/ (signA — 1) 
= £(P c (z)) + ^ AespecP(z) ' |A|<cV -, 



signA 



1, if A > 0; 
-1, if A < 0. 



Clearly then 

On the other hand, 

and 

which implies that 



t(P B (z))^t(P c B (z)) mod Z. 
e -t(P c (,)) 2 =e -*^W+ finite rank, 
p c (z) = p(z) + finite rank, 



Tr(P c (z)e-* (pC(z))2 ) = Tr(P(z)e-* p2 ^) + 0(1). 



Therefore 

LIM t ^ i 1/2 Tr( J P c (z)e- t ( pc (^) 2 ) = LIM^ t 1 / 2 Tr( J P(z)e- tp2 ( z )). 



Finally, we point out that although the L 2 -norm on L 2 (X,S) depends on the metric, a smooth 
family of metrics gives rise to a smooth family of equivalent norms. Therefore the resulting trace 
functional on L 2 (X,S) is independent of the metric change. 
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